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Abstract 


In this work improvements to the application of the Gross equation to nu¬ 
clear systems are tested. In particular we evaluate the two pion exchange 
diagrams, including the crossed-box diagram, using models developed within 
the spectator-on-mass-shell covariant formalism. We found that the form 
factors used in these models induce spurious contributions that violate the 
unitary cut requirement. We tested then some alternative form-factors in or¬ 
der to preserve the unitarity condition. With this new choice, the difference 
between the exact and the spectator-on-mass-shell amplitudes is of the order 
of the one boson scalar exchange, supporting the idea that this difference may 
be parameterized by this type of terms. 


I. INTRODUCTION 

Electron scattering experiments off light nuclei at high momentum transfer (few GeV/c) 
are expected to be performed at facilities such as TJNAF. These experiments will provide 
new information on the intermediate and short range behavior of the nuclear interaction, 
establishing an important challenge to theoretical models. In fact, at these regimes, the¬ 
oretical descriptions of the adequate hadronic degrees of freedom - nucleons, mesons and 
resonances - have to be based on both relativistic kinematics and dynamics. 

Over the past years different relativistic formulations have been investigated for applica¬ 
tion to light nuclei, which can be classihed in two major categories: Relativistic Hamiltonian 
Dynamics and Relativistic Field Theories. The hrst one, not considered in the present paper, 
assumes basically one of two alternative forms, the light-front form [|^ and the instant form. 
The latter is developed within a Schrodinger equation framework, uses variational Monte 
Garlo techniques and has been applied recently to the 3- and 4-nucleon systems [^. In 
this formalism relativistic covariance is achieved through the Poincare Group algebra, and 
the resulting Hamiltonian consists of a relativistic kinematic energy operator and 2- and 
3-body interactions. The 2-body interaction, containing asymptotic relativistic corrections, 
is parameterized in order to reproduce the NN data (y^ ~ 1 for ~ 30 parameters) below 
350 MeV; it also comprises boost corrections up to the order of (P/2M)^, where P is the 
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total 3-momentum of the interacting pair and M is the nucleon mass. Finally, the 3-body 
interaction is htted to the triton binding energy. The generalization to heavier systems is in 
principle possible. 

The second category methods are based on meson exchange diagrams. The non- 
perturbative character of the nuclear interaction dehnitely requires inhnite sums of these 
amplitudes. As well known, inhnite series can effectively be summed by means of inte¬ 
gral equations, which assigns to the Bethe-Salpeter equation a predominant role in the 
relativistic description of the NN problem. 

The Bethe-Salpeter equation is a manifestly covariant 4-dimensional integral equation. 
In principle, its interaction kernel should include all irreducible diagrams derived from a 
considered Lagrangian, which is clearly out of reach of the present calculations. This limi¬ 
tation determines inevitably the truncation of the kernel expansion and only a restrict set 
of appropriate meson exchange diagrams is kept. 

Even with a truncated kernel the Bethe-Salpeter equation is, beyond ladder approxima¬ 
tion, very hard to solve. This difficulty lead to the development of covariant dimensional 
reductions, imposing restrictions on the energy variable, from which 3-dimensional integral 
equations, known as Quasi-Potential (QP) equations, are obtained. 

Among QP equations, the Gross equation considers only ladder and crossed-ladder 
diagrams, and is derived from the assumption that important cancellations between the two 
categories of diagrams occur. These cancellations mean that their sum is dominated by 
the contribution, to the ladder diagrams, of the mass pole of the heavier particle or, for 
equal interacting masses, by the combination of the corresponding mass poles. In the hrst 
case, the Gross prescription consists on replacing the sum of the ladder and crossed-ladder 
diagrams by the ladder diagrams with the massive particle on its mass shell. In the second 
case, a symmetrized combination of the ladder diagrams with one of the interacting particles 
on its mass shell is required. The amplitudes obtained contain (~ 13) parameters (meson 
masses and coupling constants) htted to the NN data ~ 2 —3) below the pion production 
threshold. 

For scalar interacting particles in the static limit (the limit when the mass of one of 
the interacting particles goes to inhnity), the above cancellation is proved to be exact order 
by order meaning that in this case the Gross prescription is exact. When one of the 
masses, although hnite, remains much larger than the other, the prescription is a very good 
approximation as shown by Maung and Gross [0. This result motivates the application of 
the Gross or spectator equation to the proton-nucleus scattering, such as p—^°Ga scattering 
PJ. For equal masses it may be shown that the approximation is still reasonably good 0. 

In nuclear applications, however, the spinor structure of the nucleon is essential, and 
the vertex interaction includes a Dirac matrix structure. Moreover, for pion exchanges 
with pseudovector coupling (PV), the coupling supported by chiral symmetry arguments, 
the integral equations diverge, forcing the adoption of regularization schemes of some kind. 
The most common regularization procedure consists on the inclusion of form-factors, which 
could, in principle, be reinterpreted in terms of self-energy contributions of nucleons and 
mesons 0,0- Nevertheless, the determination from hrst principles of self-energies, due to 
radiative corrections, would require the resolution of coupled Dyson-Schwinger equations, 
again far beyond the present calculations capability. Furthermore, the inclusion of form- 
factors can also be justihed as an effective way of representing the internal structure of the 
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hadrons and, as a conseqnence, phenomenological form-factors have to be considered. 

In these sitnations, where Dirac particles exchange mesons with realistic conplings imply¬ 
ing the transfer of some qnantnm nnmbers, the qnality of the Gross prescription has not yet 
been stndied systematically. Therefore its application in snch circnnstances has, at present, 
only henristic and pragmatic motivations. Even so, the Gross prescription has been already 
applied to the 2- and 3-nncleon systems which nrges, on one hand, the stndy of its 


ability to approximate the exact solntions of the Bethe-Salpeter eqnation with ladder and 
crossed-ladder series (from here on we nse exact in this sense) and, on the other, the search 
for ways to systematically improve it. This stndy is precisely the goal of the present work. 

The analysis is focnsed on fonrth-order diagrams with incoming and ontgoing particles 
on-mass-shell, since the complexity of the calcnlations is snbstantial and the information 
obtained is already very rich and relevant. These amplitndes were considered before in 
references |1l4|,p!5[|; in the hrst one only the static limit was evalnated, in the second one 
the recent NN models were not considered yet, and the comparison between the Gross 
prescription and the exact calcnlation is presented only for one energy. In Sec. || a brief 
introdnction to the Bethe-Salpeter eqnation and its 3-dimensionaI rednctions is given. In 
Sec. |In| the box and crossed-box pion exchange amplitndes are analyzed in detail. In Sec. 
H different form-factors are examined and, in particnlar, new form-factors are snggested 
aiming the resolntion of problems inherent to the conventional ones. In Sec. results of 
applications are discussed and, hnally, in Sec. 0 conclusions are presented. 


II. BETHE-SALPETER EQUATION AND THREE DIMENSIONAL 

REDUCTIONS 

Within a covariant held theory framework, the scattering amplitude M is given by the 
sum of all the possible interaction processes (represented by Feynman diagrams) derived from 
the Lagrangian under consideration. The scattering amplitude of the interaction between 
particles of masses m and M is determined by the Bethe-Salpeter (BS) equation 0 

M(p,p';P) = V(p,p';P) + (2.1) 

r Pk 

* J J^^(P^k-P)G{k,P)M{Kp'-,P), 

where P is the total 4-momentum, and p and p' are respectively the initial and hnal momenta 
of one of the particles. For this equation we use the shorthand notation 

M = V + VGM, (2.2) 

keeping in mind that the homogeneous term includes a 4-dimensional integration. In the 
above equation V is the interaction kernel which involves, in principle, all irreducible dia¬ 
grams, and G is the 2-particle propagator given by 

G{k,P) = Gi{k)G2iP-k), (2.3) 

with the explicit form for Dirac particles 
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(2.4) 


G,{k) 


—i 

rrii— Jk — ie 
-i{mi+ jk) 
mi^ — k'^ — ie' 


with nil = M, m 2 = m and i = 1,2. 

As mentioned earlier, the exact solntion of the BS eqnation for general conplings is not 
technically possible at present, and approximations are nnavoidable. A common approxi¬ 
mation consists on restricting V to a snm of One Boson (or Meson) Exchange diagrams, 
and is nsnally called the Ladder Approximation. There are two main objections to this 
approximation: hrstly the one body limit (the Klein-Gordon or Dirac eqnations with inter¬ 
action terms) is not recovered when one of the masses goes to inhnity secondly it has 
been shown that, in general, crossed-ladder diagrams have important contribntions 
and hence should not be neglected. 

Alternative ways rely on the replacement of the BS equation by the system 


M = K + KgM (2.5) 

K = V + V{G- g)K. (2.6) 


which is perfectly equivalent to the BS equation. In this equations 5^ is a different 2-particle 
propagator and K a new kernel whose iteration reads 


K = V + V{G-g)V + 

V{G - 9 )V{G - g)V + ... 


(2.7) 


A Quasi-Potential equation is obtained through a covariant dimensional reduction of the 
Eq. ( p.5|) . Since there are no first principle rules to dictate how this reduction should be 
performed, a large ambiguity gives room for many options. Usually, different approximations 
comprise different appropriate choices to constraint the energy-component of the free 4- 
momentum in the propagator g. If is a good approximation to G, then only the hrst 
term in Eq. (p.7|) can be kept and a simpler 3-dimensional, but still covariant, equation is 
obtained. If needed, and possible, the kernel K can be corrected by the inclusion of higher 
order terms, following Eq. ( 0 ). 

Examples of QP equations are the Blankenbecler-Sugar |]^, the Equal-Time 
the Gross IQ equations, all satisfying the required one-body limit 
hereafter the only considered, results from the choice 


and 

The Gross equation. 


g{k, P) = —i2TT 

= —1271 


6+{e-M^) 


— {W — koY — is 

6{ko - El,) 

2 Ek [el - (lU - Ek)2 - 


-Ai{k)A2{P - k) 


( 2 . 8 ) 


-Ai{k)A2{P-k), 


where 


IV = 

Ek = VM2 + k2 
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(2.9) 

( 2 . 10 ) 










Ck = V 

(2.11) 

- M^) = 6{k^ - M^)e{ko) 

(2.12) 

Ai{k) = mi+ ]k. 

(2.13) 


The second line of Eq. (p.8|) is valid only in the CM reference frame. As it can be seen from 
this equation, the Gross choice means that the particle with mass M is placed on its mass 
shell in all intermediate states. 

The principal motivation for the Gross equation comes from the cancellation theorem 
I^J^, that states that for scalar particles in the static limit (M —> cx)), the sum of all ladder 
and crossed-ladder diagrams is exactly given by the sum of ladder diagrams with the massive 
particle on its mass shell. This is shown to be a result of important cancellations between 
ladder and crossed-ladder amplitudes in all orders. In Fig. ^ this cancellation is illustrated 
for fourth-order diagrams. In all hgures the cross on a line means that the corresponding 
particle is on-mass-shell; we will refer to the diagram with one of the particles on its mass- 
shell in the intermediate state as the Gross amplitude. 

For identical interacting particles however, equal treatment is required and Eq. (|2.8|) has 
to be properly symmetrized in order to comply with the Pauli principle. This procedure has 
been implemented recently using a system of coupled equations for the half-on-mass-shell 
amplitudes O- Each of these equations can be written as follows: 


M{p,p', P) = V{p,p',P) 
r 

+^ j j^,V{p,t,P)g{k,P)M(k,p'-,Py, 


(2.14) 


here the propagator takes into account an adequate symmetrization of the particles in all 
intermediate states having the form: 


g{k, P) = i(27r)Ai(fc)G2(P - k)6+{M^ - 

^(27r)Gi(fc)A2(P - k)5+{M^ - (P - kf) 


(2.15) 


where the equal mass condition (m = M) has been used. The 3-dimensional reduction is 
trivially obtained by performing the ko integration using the 5+ function. 


III. BOX AND CROSSED-BOX AMPLITUDES 

In this section we consider the crossed-box diagram and the contributions to the box 
which are not explicitly contained in the spectator formalism. The last ones, often denoted 
by subtracted-box contributions, are shown in Fig. |^. Together, crossed-box and subtracted- 
box diagrams are the lowest order corrections to the one boson exchange kernel of the Gross 
equations (see Eq. (ED). We calculated them exactly for a variety of kinematic conditions 
(energy and scattering angle) in order to assess their importance relatively to the Gross 
amplitude. 

We started by deriving the general expressions for the box and crossed-box diagrams, the 
A4j and A4n amplitudes respectively, which are represented in Fig. ^ along with detailed 
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notation for the kinematic variables in the inner loop. In all diagrams particle 1 is represented 
by the lower line and particle 2 by the upper line. 

These amplitudes result from an effective Lagrangian for spin-1/2 particles of equal mass 
M, interacting through the exchange of a meson of mass /i: 


+ 

^{d>^adf,a - - QaCTip'ilj, 


(3.1) 


for scalar vertices, or 


- M)il) -f 


ig^ip 


Ay® + (1 — 

' ^ ^ 2 M ' 


r ■ Ti'ijj 


(3.2) 


for a isovector, pseudoscalar and pseudovector coupling admixture, with a mixing parameter 
A (0 < A < 1). 

Application of the Feynman rules gives for the amplitudes: 

r 

M.^iTj k,p')[e,(k) 0 e,(P - k)] (3.3) 

xDi{k)D2{P — k)d‘i{p — k)d/i{p' — k) 

for the box amplitude, and 

r d'^k 

Mn = ff y k, p‘) K;,(fc) ® en(P - *:)l (3.4) 

xDi{p' + p- k)D2{P - k)dz{p - k)d4{p' - k), 


for the crossed-box amplitude. 

In the above equation F includes the coupling constants and the isospin operators dehned 
in the Appendix (Eqs. o and (^)). The propagator of spinor i, i = 1,2, has been 
separated into a function Di (the denominator of the Dirac propagator following the second 
line of equation |2.4|) which coincides with the propagator of a scalar particle with the same 
mass M 


D,{k) 


1 

M^-k"^- iSi ’ 


(3.5) 


and a function carrying the Dirac structure of the spin—1/2 particle which, together with 
the two interaction vertices, dehnes the Dirac structure functions i^ik) {i = 1,2; a = I, II). 
Although the explicit form of ^^(A:) depends on the interaction considered, it has the general 
structure 


m) = aIM + U^{k) A 


(3.6) 
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The expressions for a^(A;) and bl^{k) are given in the Appendix. The reqnired explicit 
expressions for spinors and phase conventions can be fonnd in the work of F. Gross et al 

II- 

The di fnnction stands for the propagator of meson i 





(3.7) 


Finally, Ha are scalar fnnctions involving the regnlarization mechanisms of the vertices, or 
form-factor fnnctions. They will be discnssed at length in Sec. B 

We note that in the case of scalar particles, no regnlarization scheme is needed, and we 
may simply take Ha = 1, together with a^(fc) = 1 and &q(/c) = 0 , (i = 1,2; a = /,//). 
This particnlar sitnation was considered by ns as a test stndy, meant hrstly to check partial 
analytical and nnmerical resnlts. 

Introdncing explicitly the on-mass-shell energy variables F'k defined by Eq. (|2.10|) and 


(3.8) 

and the off-mass-shell energy-component ko we can write 


Mi = iT j 

■ d'^k 

[^/ ® ^/] k, p ; ko) 

(3,9) 

M-h — 


(3.10) 


where part of the integrand fnnction argnments have been omitted for simplicity. The hj 
and hjj fnnctions are given by: 


h/(p,k,p';/co) = (3.11) 

1 

[El-ki-ze,\[El-{W-koy-ze2] 

1 

^ K-k - {Ep - koY - ieg] - (Ep - k^f - ie^] 


and 


/i//(p,k,p';/co) = (3.12) 

1 

[^^^+p-k - kl - zei] [El -{W- k,f - IS,] 

1 

^ [^p-k - (-^P - - ie^] - (Ep - k^f - ie^]' 

From the last two eqnations we can locate the ko poles, related with the physical singnlarities 
present to satisfy nnitarity. If the form-factor fnnctions Ha have no singularities, and since 
each propagator contains two poles near the real axis, the ha functions will have eight 
physical complex singularities, four in the upper-half complex plane and four in the lower 
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one. The ko integration can be done using the Cauchy theorem by closing the integration 
contour, and for practical reasons we chose to close the contour integration in the lower-half 
complex plane. The box amplitude splits into the four following contributions 

Mi = Mf + Mj + M]^ + (3.13) 


where 


• Af/ is the residue of the ko = pole, present in the propagator of particle 1, meaning 
that this particle is on-mass-shell with 4-momentum (i?k, k) (positive energy). This 
amplitude is the Gross or spectator fourth-order amplitude. 

• Af7 is the residue of the ko = W + E\^ pole, present in the propagator of particle 
2, meaning that this particle is on-mass-shell with 4-momentum (—i?k, ~k) (negative 
energy). 

• is the residue of the ko = Ep -l-cuk-p pole, present in the propagator of the meson 
carrying momentum p—k, meaning that this meson is on-mass-shell with 4-momentum 
(cc^p-k, P - k) (positive energy). 

• Mj^ is the residue of the ko = Ep + a;p/_k pole, present in the propagator of the 
meson carrying momentum k — p', meaning that this other meson is on-mass-shell 
with 4-momentum (—cUp'-k, k — p') (negative energy). 

Similarly, the crossed-box amplitude decomposes into 

Mil = Mfi + MJi + Mfi + Mfi (3.14) 


where 


• Mil corresponds to the residue of the ko = W + i?p+p/_k pole, meaning that particle 

1 is on-mass-shell with 4-momentum (—i?p/+p_k; + P ~ k) (negative energy). 

• MJi corresponds to the residue of the ko = W + E^ pole, meaning that particle 2 is 
on-mass-shell with 4-momentum (—i^k, ~k) (also negative energy). 

. Mfi and Mfi have the same interpretation as and Mf^ have for the box ampli¬ 
tude. 

Given the above interpretation we can separate retardation effects from nucleon negative 
energy states contributions. The retardation effects are obtained by adding 

M°i = M}° + Mj^ (3.15) 

from the box diagram to 

M% = M]°i + Mfi (3.16) 

from the crossed-box diagram. The nucleon negative energy states contributions are given 
by adding Mj from the box diagram to 



M?,- = Mj, + MJi 


(3.17) 


from the crossed-box diagram. 

It can be proved that if the functions have only real singularities, the sum of Al?, 
A4j Mu Mff is real 0. This result guarantees in particular that the fourth-order 

amplitude satishes unitarity: the only possible imaginary part comes from the two-nucleon 
unitarity cut. Still, the existence of singularities in the Ha functions may yield extra terms 
to Eqs. ( |3.13| ) and (|3.14| ), other than the physical on-mass-shell particle pole contributions 
discussed. We anticipate here that those contributions are in general not negligible. Our 
study will henceforth show that the inclusion of crossed-box and subtracted-box diagrams 
in the kernel allows us to be more discriminative in our choices for the short-range pa¬ 
rameterization of the the NN interaction. We will be back to this discussion in the next 
sections. 

Finally, we note that the usual procedure for antisymmetrizing the amplitudes has to 
be performed. This can be achieved by permuting the particles in the hnal state [^, as 
usually. One obtains for the fourth-order amplitude: 


Mf*> ^\(m, + SM,) + '-(m„ + SMu) 


(3.18) 


where 6 is (—1)^ (/ being the total isospin of the system) and M denote the permuted 
terms, obtained by application of the permutation operator to the hnal state particles. 
Additionally, as discussed in reference [O], the Pauli principle imposes an extra sym- 


metrization on the spectator formalism amplitudes: this symmetrization is intrinsic to the 
intermediate states, where only one of the particles is on-mass-shell. As a consequence, the 
fourth-order diagrams resulting from the Gross equations are not only the diagrams with 
particle 1 on-mass-shell in the intermediate state, amplitude Mf, but also the diagrams 
where particle 2 is on-mass-shell in the intermediate state, amplitude Mf', as can be seen 
from Fig. 0: 




Gross 


jMt + jMt + 


(3.19) 


M^' 


6 _ 

4' 


I + 7 -^/ 


+ ! 


The coefficients affecting the several sub-amplitudes force the two particles to be equally 
on-mass-shell in the intermediate state, which is sufficient for the total amplitude to satisfy 
the Pauli Principle. 


IV. STRONG FORM-FACTORS 

Nucleons are not elementary particles and consequently their hadronic structure has to 
be taken into account. Mathematically, such structure provides the necessary regularization 
of the integrals for the high order loops, needed to build in the analytical structure of a 
bound state wavefunction, or of a scattering transition matrix. Unfortunately, it is not yet 
possible to obtain the description of the nucleon structure directly from the QCD Lagrangian, 
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or even from effective models inspired on constituent quark structure. The compositeness 
of the nucleons is therefore currently described by means of form-factors which have to 
be phenomenologically fixed. Yet, it has been shown by Gross and Riska m that it is 
possible to describe consistently the electromagnetic interaction with nucleons, within a 
relativistic and manifestly covariant framework, with phenomenological strong form-factors 
for the meson-nucleon vertices, present in the current conservation relations following the 
Ward-Takahashi identities. 

In non relativistic applications, analytic dipolar (or even higher power) functions of the 3- 
momentum are used as form-factors. In relativistic applications the covariance requirement 
motivates the use of form-factors of the type: 


fiq^) = 


A 2 


A2-q2 


(4.1) 


where = Qq — substitutes in the non-relativistic form-factors. 

The introduction of the strong form-factors can be interpreted as vertex-dressing, and 
we take them to have a factorized separable form, as done in reference ||11||: 


Fm{p,p') = ur)fN{pnfN{p'n 


(4.2) 


where /tv and fm stand for the nucleon and meson form-factors respectively, p and p' are 
the nucleon 4-momenta and q = p' — p the meson 4-momentum. As a consequence, the 


function, introduced in the Sec. |T|, includes from each vertex two nucleon form-factors /tv 
and one meson form-factor fm- The function Ha is therefore a product of eight form-factor 
functions, since the form-factors of on-mass-shell nucleons are normalized to one. 

Alternatively, the dressing can be associated with self-energy corrections to the Dirac 
and meson propagators (radiative corrections). Following these lines, a product of two 
strong form-factors fm{q^)^ each coming from a different vertex, can be incorporated in the 
renormalization of the meson propagator according to reference 
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1 

jj? - ^2 _ q2 Umiq^) 


(4.3) 


being the meson self-energy becomes fixed by 


nm(g^) = Tyrrv “ 1 






(4.4) 


Analog equations for the nucleon Dirac propagator and self-energy can be written [H 

fW) 1 


M— f) M— + 

being the nucleon self-energy becomes hxed by 

1 


(4.5) 


S(p) = 


fW' 


- 1 


(M- />). 


(4.6) 
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In the most recent works which applied the Gross equation 
assumed to have the expression: 


131 the form-factors were 


’ (A^-M2)2 + (M2-p2)2 

f I 2 , (AS, - 12'^)^ + 

■'"•W ' (AJ, - ,2)2 + AJ, 


(4.7) 

(4.8) 


The two parameters A^r and A^ are the nucleon and meson cut-offs respectively and are 
hxed, along with the couplings and meson masses, through a £t to the nucleon-nucleon 
scattering data. 

These choices imply that the effective nucleon propagator for those models is the product 


PAp^) 1 

M— f) M— f) 


r a2 1 

2 

r a2 1 

_M^ + iA%-p\ 


_M^-iA%-p\ 


(4.9) 


with A^ = A^ —A similar expression can be written for the meson effective propagator. 
The hrst factor on the r.h.s. of Eq. (|4.9|) is the non renormalized propagator, while the 
second and third factors are effectively propagators of resonances of width A^. Such widths 
have ad-hoc energy and 3-momentum dependencies, in particular they are constant in the 
entire energy and momentum range, with the consequence of inducing spurious imaginary 
contributions in the scattering amplitude. We can interpret these complex mass terms as 
inelasticity sources associated with nucleon or meson excitations, which nevertheless are 
non physical, namely because they open channels at energies below the pion production 
threshold. 

As we will see in the next section, the spurious contributions may be small under some 
conditions, e.g. for light meson scalar exchange, but they have sizeable effects for a pion 
exchange with pseudovector coupling. 

The pathology of the form-factor that we are discussing manifests only when we use it 
in the full Bethe-Salpeter equation, that is to say, when we treat the energy-component 
as a totally independent variable. For the Gross reduction, where these form-factors were 
used and calibrated by the data, the spurious components are not evident: the prescription 
for the fco variable constrains its range such that the non-physical complex singularities 
are irrelevant. In other words, the spectator equation is insensitive to the existence of the 
complex poles of the form-factors. Nevertheless, the study of the validity of the Gross 
prescription, as well as the introduction of possible required corrections to the kernel of the 
integral equation, need to incorporate crossed-box and subtracted-box diagrams which may 
be crucially affected by the form-factors poles. 

In order to solve the problem we explored alternative form-factor functions. Since the 
form-factors are essentially needed to cut the 3-momentum range of the integrals, we made 
the choice of not allowing the regularization function to depend on the relative energy 
variable. However, in order to still satisfy covariance, the new form-factors were built by 
giving to the square of the 3-momentum k a covariant form. More specifically, in an arbitrary 
frame where the total two nucleon momentum is P, is replaced by the Lorentz invariant 
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(4.10) 


with /c^ = in the CM frame, k stands for the square root of It becomes clear from 
this equation that the price to be paid for this new choice, which does not consider the 
relative energy dependence explicitly, is to have form-factors depending on the on-mass- 
shell momentum of the external particles, or, in other words, on the total momentum P of 
the 2 nucleon system. The complexities implied by this choice are only relevant, but with 
the possibility of being actually handled in practice, for the 3-nucleon applications, where 
the 2-nucleon subsystem has to be treated in the 3-nucleon system CM frame. They will 
also imply a new version of the work on the electromagnetic currents of reference [^, since 
in this reference the nucleon-nucleon interaction does not depend on the total momentum 
of the system. 

Examples of this type of form-factor choices can be found, for instance, in the work of 
the Nijmegen and Bonn groups that used 


/m(y) = e 5 a3 


(4.11) 


and 


Ut) = 


A2 


A2 + g2 


(4.12) 


respectively, which were already written in terms of the Lorentz invariant q^. 

For our calculations we took two different models for the meson form-factor functions. 
Both choices satisfy the criterion of leaving out the ko dependence from those functions. 
The first choice corresponds to Eq. (|4.12|) with n = 1. For the second choice, we selected 
a functional form which would furthermore not alter the results of the calculations already 
done within the spectator formalism, preserving namely the description of the two nucleon 
scattering observables. Explicitly, we used 






(A^ - 




(Am - + Kn 


|A^ + ? - (Ep - EpYY + AJ. 


(4.13) 


The fco = condition is necessary in order to keep the results for the Ad/ amplitude, that 
are part of the calculations in references Hig. This is the reason why in the denominator a 
”retardation-like” term Ep—Ep appears , even though it may seem arbitrary at hrst thought. 
We may advance at this point that this term has very little importance: the results with 
and without it differ by at most 10%, with the exception of the region where the amplitudes 
vanish in the 1 = 1 channel. 

A new version of the nucleon form-factors /at is also required. We again made them 
dependent only on the relative 3-momentum which, together with the manifest covariance 
requirement, made them depending on the total 2 nucleon 4-momentum (Eq. ( [4.10| )). Ex¬ 
plicitly, we took the general nucleon-form-factor used in reference 
Ad/ amplitude, which reads 


13 calculated as for the 
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1/2 


1/2 


In this equation W = 2Ep is the invariant mass, is dehned from the 3-momentum of the 
initial and final particles and k'^ is defined from the off-mass-shell particle 3-momentum. 

The introduction of these new form-factor functions allowed us to eliminate the imaginary 
spurious contributions to the box and crossed-box diagrams, and successfully construct an 
amplitude satisfying the elastic cut unitarity requirement. This conclusion will be accounted 
for in detailed and quantitative terms in the next section. 


(4.14) 


/»(*: ;p ) = 


A4 


K% + {P- kf 


^o=E^. 




.Ai + IT2(|y _2Efc)2 


V. RESULTS AND DISCUSSION 


In order to describe the scattering process between two Dirac interacting particles we 
need to specify, in addition to the energy and scattering angle, the initial and final isospin and 
helicity (or spin) states. In general we have five independent helicity channels from a total 
of sixteen possible. We present here only the results for the matrix element corresponding 
to the ->■ transition, since similar conclusions can be drawn for the other channels. 

If the form-factors have no singularities, we can use the decomposition of Eqs. (|3.13|) 
and (|3.14 ) to compute the amplitudes. This is not the case, however, of the form-factors of 
Eqs. ( [4.7|) and ( [4.8D whose singularity structure implies the inclusion of the corresponding 
residues. 


A. Scalar exchange 

As a reference calculation (an important check to our analytical calculations and nu¬ 
merical results) we considered the simplest case of scalar exchange between scalar identical 
particles of mass M (equal masses), where no form-factors are needed. We used the param¬ 
eters 

/i = M/7. 

The results are shown in Fig. ^ for three different kinetic energies in the lab reference 
frame. The curves refer to the box and crossed-box amplitudes, their sum and the spectator 
amplitude. For comparison we also include the result for the amplitude corresponding to 
the Blankenbecler-Sugar quasi-potential equation. 

The figure clearly shows the cancellation between parts of the box and the crossed-box 
amplitudes, which has been shown previously to occur only in the static limit [^,H. This 
conclusion is interesting, and in the meantime path integral techniques have been used to 
verify its validity for all orders 0. 
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Next we considered the exchange of a scalar meson between nncleons, which forces ns 
to consider the J = 0 and J = 1 isospin NN channels. Form-factors of Eqs. (13) and (^(81) 
were inclnded, and the parameters were taken from the models nsed in the three-nncleon 
calcnlations 


13,20 , which read 


Q 

^ = 4.82 
dvr 

p = = 498 MeV 

A^ = A^ = 1141 MeV 
An = 1862 MeV. 

We note that onr calculation does not include the general off-shell couplings of the original 
model 
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The results for laboratory kinetic energy Tiab of 100, 200, and 300 MeV are shown in 
Figs. D and 0, for the 1 = 0 and 1 = 1 cases respectively. One concludes that the real part 
of the sum of the box and crossed-box amplitudes is well differs from the Gross amplitude, 
being the relative deviation of the order of 15% for both isospin channels, at 100 MeV, and 
30% at 200 MeV. For 300 MeV these deviations become 50% for / = 0 and 70% for / = 1. 
This quantihes how the approximation deteriorates with increasing energy. It is interesting 
to add that in general the fourth order a exchange contributions are 10% of the second order 
(one a exchange). 

The quality of the Gross prescription is slightly improved for a lighter exchanged meson, 
as shown in Figs. H and P, where the results were obtained with: 


^ = 1 
dvr 

p = = 138 MeV 

A^ = A^ = 2109 MeV 

Since this exchange does not correspond to the pseudovector pion exchange, the value of 
the coupling constant was arbitrarily chosen by the convenience. This situation has been 
considered to study how the quality of the Gross prescription depends on the meson mass. 
From the same hgures we can conclude also that while at 100 MeV the crossed-box ampli¬ 
tudes are very small, they become important at higher energies and cannot be neglected, 
as assumed by the ladder approximation. As for the retardation effects we can say that the 
contributions from the meson poles in the box and crossed-box tend to cancel each other. We 
may then conclude that the ladder approximation overestimates meson retardation effects. 
Note that we showed only the real part of the fourth-order amplitudes. As discussed in 


the Sec. [ITH the only imaginary contribution comes from the spectator amplitude AAj when 


the form-factors have no singularities. This is not obviously the case of the form-factors of 
Eqs. (|4.7|) and (|4.8|) , but fortunately the additional spurious residues contributions are small 
and mean less than a 2% contribution. So in this case the unitarity violation is very small. 
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B. PV coupling 


Next we evaluated the box and crossed-box amplitudes for the ttNN coupling of Eq. 
restricted to PV coupling (A = 0). We also used the form-factors introduced in Eqs. (E3) 


and (|4.8|) . The pion mass and cut-off parameters were given above and the coupling constant 

00 ] 


taken from the references 


^ = 13.34. 
47r 


The allowed exchange of isospin introduces weighting factors for the box and crossed-box 
that are not the same for the two different isospin channels, resulting for the fourth-order 
amplitude 


xw = 3(X, + Mn) - 2{M, - Mn)n ■ T 2 . 


( 6 . 1 ) 


The sign difference in the coefficients affecting the crossed-box contribution in the isoscalar 
and isovector parts, makes difficult the simultaneous representation of the exact amplitudes, 
in the two isospin channels, by the spectator-on-mass-shell approximation. 

The real and imaginary parts of the amplitudes for Tiab = 100 MeV are represented 
in Fig. 0 . The hrst observation to be made is that their magnitudes, specially for the 
case of the imaginary part, are abnormally large: the OBE contributions corresponding to 
exchanged heavy mesons of the same model are ~ 100 GeV~^. The second observation is 
that contrarily to the scalar coupling case the imaginary contribution of the crossed-box 
amplitude, that should be exactly zero, does not vanish, being two orders of magnitude 
larger than the box imaginary part. These conclusions are true for both isospin channels. 
As mentioned earlier, the reason for these results lies in the complex singularities present in 
the form-factors of ([4.7|) and ( [4.8D , which clearly violate the unitarity condition. 

Small changes on the cut-off parameters modify the hnal results, but do not change 
the orders of magnitude obtained. The hgures also show the dominance of the crossed-box 
amplitude justihed by a cumbersome combination of the presence of 7 ^ in the coupling 
and the f-niff) form-factor. As can be seen from Fig. 0 , this form-factor peaks in the 
region > 4M^, where the negative-energy nucleon poles, dehning the Af/j and AiJj 
contributions, occur: consequently these amplitudes are largely (and artihcially) enhanced. 
Contrarily, in the box amplitude, the negative energy-state contribution included in 
is strongly suppressed by the nucleon /Ar(/c^) form-factor, since one of the nucleons is very 
much off-mass-shell. Furthermore, since the region involved in (the Gross amplitude) is 
< 0 , this amplitude is not crucially affected by the pronounced peak of the meson form- 
factor. The spectator equation solutions are then not affected by the spurious singularities 


for the form-factors, as announced in Sec. IV 


C. PV coupling — new form-factors 

As a consequence of the above results, we tailored alternative choices for the meson 
and nucleon form-factors. We tested two different models: model A combines the pion 
form-factor of Eq. ( [4.13|) with the nucleon form-factor of Eq. ([4.14|) ; in model B the pion 
form-factor of Eq. (|4.12|) with n = 1 is used together with the nucleon form-factor of Eq. 
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( [4.14| ). Since those form-factors have no singularities in the ko variable, the only terms to 
be considered in the amplitudes calculation are given by the decompositions of Eqs. (|3.13|) 
and ( |3.14| ). 

As explained in Sec. model A preserves the spectator amplitude A4f. Nevertheless it 
changes crucially the remaining amplitudes relatively the models of reference . Models 

A and B give in general very similar results as can be seen from Figs. |T^ and with the 
exception of the Gross amplitude in the 1 = 1 channel. Anyhow, since equal conclusions 
can be drawn from both models, we present only the hnal results for model A. 

From Figs. H and it is clear that the exact and Gross amplitudes do differ much 
less than in the model considered in the previous sub-section. They are now of the same 
order of magnitude, being the difference between them of the same order of OBF scalar 
exchange amplitude (~ 100 GeV~‘^), which gives the hope that the spectator-on-mass-shell 
prescription can be easily improved through the inclusion of OBF-type terms in the kernel. 
From the same hgures we conclude that the box amplitude is dominant for the 1 = 0 channel, 
although the crossed-box amplitude is by no means negligible for the J = 1 channel. 

Having found a way of preserving the unitary condition, we can now analyze relativistic 
contributions such as retardation, given by Ad? (box) and Ad?/ (crossed-box), and nucleon 
negative-energy states, given by A4j (box) and M.ff (crossed-box). 

In Figs. 1^ and ^ we separately show those effects for the box amplitude, and in the Fig. 
|I^ and |T^ for the crossed-box amplitude. For the box amplitude the meson pole contributions 
are always important, and with opposite sign to the total amplitude. We conclude that in this 
case retardation effects cannot be neglected. The nucleon negative-energy state contributions 
are now very much suppressed relatively to the case of Sec. |V B| , and typically of the order of 
~ 15%. For the crossed-box amplitude, the meson poles and negative energy contributions 
are smaller than for the box, and have a partial important cancelation between them, giving 
rise to a net small result. This last cancellation decreases slowly with increasing energy. 


VI. CONCLUSIONS 

Recently, methods based on path-integral techniques allowed held-theory calculations, 
including ladder and crossed-ladder series, for scalar particles to be performed to all orders 
ip. When the status of the calculations will reach the point of dealing with Dirac particles 
and general couplings, the comparison of their results with the ones obtained with different 
Quasi-Potential formalisms will clarify the unsettled point of selecting between different 
covariant formulations, for the description of nuclear systems. 

In the meantime we decided to perform a study to quantify how well the amplitudes, 
calculated within the spectator-on-mass-shell formalism, represent the exact ones when Dirac 
particles interact through boson-exchange, in particular pion-exchange. This will eventually 
orient us towards possible required corrections, which may get increasingly important at 
higher energies, namely above the pion production threshold. We considered here two-pion 
exchange contributions not included in the spectator-on-mass-shell formalism. We aimed 
to check whether they can be included in a kernel restricted to have the OBF form, such 
that they can more easily be incorporated in current calculations and present-day computer 
codes. 
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The main conclusions of our work are: 


1. The form-factors of the effective NN models calibrated with the spectator equations 
can not be used to investigate the quality of the spectator amplitudes, since the corre¬ 
sponding crossed-box and subtracted-box amplitudes, required for this study, strongly 
violate unitarity. 

2. For the same reason the above NN models are not adequate for use in extensions of 
the kernel that include crossed-box and subtracted-box terms. 

3. With appropriate choices of the form-factors, meaning no unitary violation, the differ¬ 
ence between the full and Gross fourth-order amplitudes is of the order of magnitude 
of typical OBE scalar exchange amplitudes, raising the expectation that this difference 
may be parameterized by this type of exchange terms. The study of possible improve¬ 
ments of the spectator-on-mass-shell prescription, through the inclusion of OBE-type 
terms in the integral equation kernel, is planned for the near future. 

4. There is a crucial (energy-dependent) interplay between retardation effects and nucleon 
negative-energy state contributions in the box and crossed-box diagrams, which does 
not allow the ladder approximation to work well as a representation of the exact 
Bethe-Salpeter series (ladder plus crossed-ladder). This is consistent with the Endings 
of Nieuwenhuis et al. 
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APPENDIX A: COUPLING PARAMETERS COEFFICIENTS 


1. Scalar vertex 



(Al) 

a] = M 

(A 2 ) 

b] = l 

(A3) 

a] = a]j = M 

(A4) 

h] = h]j = l 

(A5) 

a\j = 3M 

(A 6 ) 

h]i = -1 

(A7) 
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2. Pseudovector-pseudoscalar mixture 


4 f 3 - 2ri ■ r 2 Box 

“ \ 3 + 2ri ■ Ta Crossed-Box 

(AS) 

a] = X^M + A 1 - A --— + 1 - Af-—— 

M AM 

(A9) 


(AlO) 

a] = al = XHt + \(l + 

(All) 

M^ + 3{P-kf 
^ AM 


bj = bjj = -A^ + 2A(1 - A) 

(A12) 



„;, = _a^m + a(i-a)“'^^-(p;;p-'')^ 

(A13) 

,/I ,,2 5M2 - (p' + p-A;)2 

^ 4M 


6)^ = A^ + 2A(1 - A) 

(A14) 

, n + i.P'+ P - k? 

+ 4M2 


3. Form-factor structure 


Box amplitude: 


Hi{p, k,p') = [fN{k‘^)?[fN{{P - kf)]"^ 

(A15) 

[uip - kfnuip'- kf? 


Crossed-box amplitude: 


Hii{p,k,p') = [fN{{p'+p-kf)]‘^[fN{{P-kf)]‘^ 

(A16) 

[fm{{p - kf)]^[fm{{p - kf)]'^ 
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FIGURES 


FIG. 1. Fourth-order exact cancellation for scalar particles in the static limit. The thick 
line indicates the heavier particle, and the cross on the propagator line means that the particle is 
on-mass-shell. The diagram with the cross defines the Gross amplitude. 


FIG. 2. Subtracted-box diagrammatic definition. 


FIG. 3. Box (Mi) and crossed-box {Ain) diagrams and notation for the kinematical variables. 
The sum of the two diagrams defines the exact fourth-order amplitude. 

FIG. 4. Symmetrized Gross amplitude for identical particles. The initial and final particles 
are on-mass-shell (cross symbol). The phase <5 is 1 for scalar particles, and (—1)'^ for nucleons, 
where I is the total isospin. 

FIG. 5. Real part of the fourth-order amplitudes for equal scalar particles of mass M; the 
exchange scalar meson has a mass of M/7. The solid line corresponds to the exact result, the 
dashed line to the box amplitude, the long-dashed line to the crossed-box and the dotted line to 
the Gross amplitude. 


FIG. 6. Real part of the fourth-order amplitudes for interacting nucleons in the isospin / = 0 
channel; the exchange scalar meson has a mass of 498 MeV. The curves have the same meaning as 
in Fig. 

FIG. 7. Real part of the fourth-order amplitudes for interacting nucleons in the isospin 1 = 1 
channel; the exchange scalar meson has a mass of 498 MeV. The curves have the same meaning as 
in Fig. 

FIG. 8. Real part of the fourth-order amplitudes for interacting nucleons in the isospin 7 = 0 
channel; the exchange scalar meson has a mass of 138 MeV. The curves have the same meaning as 
in Fig. 

FIG. 9. Real part of the fourth-order amplitudes for interacting nucleons in the isospin 7 = 1 
channel; the exchange scalar meson has a mass of 138 MeV. The curves have the same meaning as 
in Fig. 

FIG. 10. Real and imaginary parts of the fourth-order amplitudes for interacting nucleons in 
the isospin 7 = 0,1 channels; the exchange pseudovector meson has a mass of 138 MeV. The curves 
have the same meaning as in Fig. ^ and correspond to a kinetic energy of 100 MeV. We can see 
a dominance of the crossed-box amplitude, which is almost coincident with the full result in some 
cases. Also the Box and Gross lines are almost coincident in same cases. 
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FIG. 11. Pion form-factor of references 13,^. 


FIG. 12. Real part of the Gross amplitude for interacting nucleons in the isospin / = 0,1 
channels; the exchange pseudovector meson has a mass of 138 MeV. Comparison between models 
A and B for three different kinetic energies. 


FIG. 13. Real part of the box and crossed-box amplitudes for interacting nucleons in the isospin 
/ = 0,1 channels; the exchange pseudovector meson has a mass of 138 MeV. Comparison between 
models A and B for three different kinetic energies. 


FIG. 14. Real part of the fourth-order amplitudes for interacting nucleons in the isospin 1 = 0 
channel; the exchange pseudovector meson has a mass of 138 MeV. The curves have the same 
meaning as in Fig. ||. Model A has been considered. 


FIG. 15. Real part of the fourth-order amplitudes for interacting nucleons in the isospin 1=1 
channel; the exchange pseudovector meson has a mass of 138 MeV. The curves have the same 
meaning as in Fig. |^. Model A has been considered. 


FIG. 16. Retardation and nucleon negative-energy contributions for the box amplitude, in the 
1 = 0 isospin channel, for a pseudovector exchanged meson of mass 138 MeV. Model A has been 
considered. The full line is the total box amplitude, the long-dashed line is the MJ amplitude and 
the dashed line the amplitude 


FIG. 17. Retardation and nucleon negative-energy contributions for the box amplitude, in the 
1 = 1 isospin channel, for a pseudovector exchanged meson of mass 138 MeV. Model A has been 
considered. The full line is the total box amplitude, the long-dashed line is the AiJ amplitude and 
the dashed line the amplitude. 


FIG. 18. Retardation and nucleon negative-energy contributions for the crossed-box amplitude, 
in the 1 = 0 isospin channel, for a pseudovector exchanged meson of mass 138 MeV. Model A has 
been considered. The full line is the total crossed-box amplitude, the long-dashed line is the sum 
of the A4~ij and A4jj amplitudes and the dashed line the Ai’jj amplitude. 

FIG. 19. Retardation and nucleon negative-energy contributions for the crossed-box amplitude, 
in the 1 = 1 isospin channel, for a pseudovector exchanged meson of mass 138 MeV. Model A has 
been considered. The full line is the total crossed-box amplitude, the long-dashed line is the sum 
of the Aifj and AiJj amplitudes and the dashed line the A4^j amplitude. 
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